The boundary condition at the edge of the IS critically affects the final protein pattern since it reflects the role of different biophysical processes associated with membrane deformation, fluid flow and the number of proteins per membrane area. Three different types of boundary conditions for the membrane edge can be prescribed, as given below:
summarizes material properties that are relevant to the IS synapse, as reported in previous work in the literature and are used as inputs to Eq. 1-4.
Boundary conditions
The boundary condition at the edge of the IS critically affects the final protein pattern since it reflects the role of different biophysical processes associated with membrane deformation, fluid flow and the number of proteins per membrane area. Three different types of boundary conditions for the membrane edge can be prescribed, as given below:
Pinned : ∇ 2 h = 0, h = constant, C 1 = C 2 = constant Clamped : ∇h · n = 0, h = constant, C 1 = C 2 = constant Free: ∇ 2 h = ∇ 3 h · n = 0, ∇J i · n = 0, where n is the boundary normal. In a slight abuse of notation, we denote Pinned and clamped as corresponding to fixing the density of proteins at a given height at the membrane edge, and further letting the torque vanish or fixing the angle at the edge. For a shear and moment free membrane edge, the edge is free and further we assume that there is no protein flux at the boundary.
Any of these three set of boundary conditions for the membrane height can be prescribed with the additional boundary conditions for the fluid motion that read Free fluid flux : p = 0
No fluid flow (u = 0): ∇p · n = 0.
In the case where there are few proteins at the membrane edge, the pressure is prescribed (free fluid flux ) to allow fluid flow into or out of the membrane gap. If the IS is sealed off by a dense protein network, it is hard for the fluid to escape at the edge and no fluid flux is a natural prescription.
In the main text, we have used a pinned membrane with a constant pressure at the edge, allowing mass fluid flux through the boundary of the domain. The use of these boundary conditions is based on experimental observations, where only at late times a protein network surrounds the IS. One implication of using a pinned and free fluid flux boundary conditions is that the protein pattern does not stabilize, which can however be arrested by prescribing no fluid flow at the free boundary. We note that it is possible to extend the mathematical model to account for a free boundary problem for the location of the edge itself, but we avoid this scenario here as it is not relevant to the dynamics of the IS and generates a significant numerical complication, as a dynamic mesh is needed to track the membrane edge.
Computational methodology
The governing equations (Eq. 1-4) were solved with the open-source finite element toolbox femLego [1] . A first order semi-implicit Euler scheme is used for time marching and all variables are discretized in space using piecewise linear functions. The non-linearity together with the sixth order derivatives in Eq. 2 makes it challenging to solve. Therefore, we decompose this into three equations, for the Laplacian of the height (∇ 2 h), the pressure (p) and the height (h). These three equations are coupled with two additional equations for the proteins, and are solved simultaneously using a Newton iteration method [2] .
We performed a convergence study of the 1D results in both time and space; different spatial ∆x/L = [0.007, 0.0025, 0.001] and temporal δt/τ µ = [100, 400, 1000] resolution show no noticeable change in the results. The 2D results presented here use a mesh size (∆x/L = 0.006) and a time step (( l2 L ) 2 ∆t * = 0.02).
Dependence of dynamics on ratio of hydrodynamic to kinetic time scale τ
To investigate the nature of the spatiotemporal evolution of the trans-membrane proteins we vary τ while keeping all other parameters fixed ( Fig. S1 ). In Fig. S1 we see that when τ 1 the patterns are kinetically limited. Large protein patches nucleate on the membrane that slowly drift by diffusion. In contrast, increasing the role of hydrodynamics by the increase in τ leads to a patchy protein pattern of receptor micro-clusters that are separated by a sharp interface. The clusters move centripetally (see Fig. S1 ), causing the pattern to coarsen as they coalesce, which leads to the formation of large protein domains. At equilibrium the membrane is nearly flat and saturated by a single protein species.
Parameter sensitivity -diffusion, sliding, initial condition, off-rates and membrane tension For given initial conditions, protein diffusion, sliding and advection can influence the dynamics of patterning. To quantify the influence of these properties on the resulting protein patterns, we separately turn off these effects. In Fig. S2 we show the results when protein sliding is turned off (M −1 = 0), in Fig. S2b we show the results when protein advection is turned off (l c h i /L 2 = 0), and in Fig. S2c we show the results when protein diffusion is turned off (P e −1 = 0) ( Fig. S2d) . What is clear from Fig. S2 is that none of these parameters has any significant contributions in the kinetic regime (τ = 3.0), where macroscopic patterns persist.
In order to determine the influence of diffusion (D) on the resulting dynamics, we varied D over two orders of magnitude ( notice that besides this quantitative feature, the results are indistinguishable and diffusion does not strongly influence the protein patterns over this range.
To quantify the influence of the initial conditions, we perform simulations with three different initial conditions ( Fig. S2h-j) . Initially the membrane has six small Gaussian shaped bumps of different widths (≈ 0.1L), with an amplitude ((0.075 − 0.1)l 2 ). In the sub-figure to the lower left in Fig. S.2 the bumps on the membrane are inverted compared to the simulation to the lower right. The result presented in the middle sub-figure shows a simulation result with an initial membrane shape with six Gaussian bumps at different positions than shown in the left and right sub-figure. Although the detailed shape of the pattern is slightly influenced by the initial condition, the overall dynamics is robust to these changes.
We have in this work assumed that the kinetic binding and unbinding rates are described by the means passage time over an energy barrier Eq. 4, which leads to an Gaussian distribution for the on/off rates centered around l i . The off-rates may be a function of the tension in the proteins with a probability of unbinding that increases with the tension up to a given threshold. Eq. 4 generates an effective kinetic rate that takes the form of a double-well, while an off-rate based on the tension in the proteins would remove the two minima and the probability of unbinding approaches a constant PLOS 3/8 Figure S2 . Influence of protein diffusion, sliding and advection and the initial condition on the predicted numerical results at time t = 23 min i.e. in dimensionless units ( l2 L ) 2 t * = 7.0.
value as the proteins are further stretched/compressed. The simplest form of a tension based off-rate is to let σ of f = ∞, where the effective rate (K on i (l i ) − K of f i (l i )) becomes a shift of the gaussian for the on-rate and the probability of unbinding becomes constant for large protein deformation. We have performed additional simulations to verify that our results are not very sensitive to the from of the off-rate, which is demonstrated in the second row in Fig. S.3 . Although the detailed shape of the pattern is slightly different, the overall dynamics is robust predicted in the simulation.
Since the membrane has a fluid-like nature, there can also be an influence in the pressure from membrane tension and an additional term γ∇ 2 enters into Eq. 1
where γ is the membrane tension [N/m]. In the tension dominated limit the length scale for membrane deformation scales as κC0 γ 1 2 . Scaling pressure with the characteristic spring pressure κl 2 C 0 yields another dimensionless number Γ = γ l 2 2 κC0 , which is the ratio between pressure from membrane stretching and the pressure from deforming the protein springs. In Fig. S.3 row 3-5 we demonstrate the influence of membrane tension by varying Γ = [10 3 − 10 5 ] e.g. γ = [4 − 0.04] × 10 −3 N/m in dimensional units. For B = 2 × 10 −7 we note that as Γ < 10 −5 the spatiotemporal dynamics is dominated by membrane bending (Fig. S.3 ). If the membrane tension is increased, larger protein domains appear ≈ Γ 1 2 and if the membrane becomes too stiff the pressure generated by the protein springs is not sufficient to deform the membrane Γ ≥ 10 −2 . . At the edge the membrane moves freely using a shear and moment free boundary condition, with no fluid flow and a no-flux boundary condition is prescribed for the TCR-pMHC and LFA-ICAM proteins. Contrary to the pinned membrane ( Fig. S1 ), which allow inand out-fluid flow, the protein pattern is arrested at long times.
Sensitivity to boundary conditions
To illustrate how the boundary condition can affects the simulation results in Fig. S4 we show a sequence of snapshots of a simulation with a membrane that is allowed to move freely at the edge (shear and moment free) with no-flux of proteins and no fluid flow. Comparing these results with the case when proteins are free to diffuse through the boundary, it is clear that the boundary condition affects the protein patterning and serves to arrest the protein pattern at long times.
